Bi-invariant Means in Lie Groups. Application to Left-invariant Polyaffine Transformations by Arsigny, Vincent et al.
HAL Id: inria-00071383
https://hal.inria.fr/inria-00071383
Submitted on 23 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Bi-invariant Means in Lie Groups. Application to
Left-invariant Polyaffine Transformations
Vincent Arsigny, Xavier Pennec, Nicholas Ayache
To cite this version:
Vincent Arsigny, Xavier Pennec, Nicholas Ayache. Bi-invariant Means in Lie Groups. Application to









   



















ap por t  
de  r ech er ch e 
Thème BIO
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Bi-invariant Means in Lie Groups. Application to
Left-invariant Polyaffine Transformations.
Vincent Arsigny — Xavier Pennec — Nicholas Ayache
N° 5885
April, 2006.
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

































































   ¤ äY{q.gsk½²½{v°zP`wx{qwNqkgHsx{qwÑN{rgÒ|  N{z/`x{w. ®wvyvy|{x{kgNqtgNfagHs
	x{w²IgNspW»gYrgfax>p{gwgwqÐrgNq@|IkxIw`gNq@rg³v°gII»gNz  ÁÃÆ>Ø{Â¹¹`Â.µ¶¸·¥¶¸¹º>¼>¾8¶¿¼¹À¥Â'gstskg
fax>pIgwwg-`xIqqte3rgrgwx{fuwgqkgNqÅ`¾ÆÅ`¾8¶À8ÇYÕ ¶¸¹º>¼>¾8¶¿¼>¹QÄÂr}Hwvw|  N{z°v~qtgNHsÃN{qwx{wÉPzyv° Nvyg
zygNq!kxIwkvsNq@rgz~fax>p{gwgvÏscwf skv~}Hwg{Ëgstskgfax>pIgwwgdg3qs\vyW²½{kv~Hsg'{\fÒzÏsv°wzyv~>sv°xI
|Hcg{rx{v°skgI½{v°»qtvW}HwgÐ{vyW²{gqkv°xIÌ4\N 3rgfafagHs3g\spW`g'rg-fax>p{gNwwgÐ½²>v°s/qkgwzygfagNIs




qdzyg|{x{w`g.rg³Ìvyg.z°gwzyqqkvyf	z°g.vyf	z°v~}H w»qdz°ggNNz~|{g! v°fÃ|IgNqduwvyxÉÊf Nrv~{z°g3q
!x{Ðqtkfax{Hsg\z" {uqkgg! gÓrvyqtskgNg! wwgf skvy}HwgvygfÃwv°gNwwguwv°ÉPvyW²>vy{Isg»xIwÐrg
x{fÒukgNrÓrg$|{x{w`gNqwg;³Ìvyg{!wxIqkxI»xHqtxIqw»qÒgskskv~zyg$rg; ®v°wwg$fax>pIgwwgÃuvÏÉ
vyW²>vy{Isg\w»q¯À¥Æ>ÜrÀÔ{¾kÆ>Ü3ÅÂÕ{Â'Û!¶¿Âd¾#ÂÚWÕIÂÕ>¶¸ÁÃÂ¹wÇ8¶¿Æ>¹ÙÐ¹¶¿Â{z" vyHskgNkf Nwvy{v°gÐ! wwg$ÝÜ¼>ÀP¶¿Æ>¹
µ¼¾8Ø{ÄÂ¹ÀP¾8¶¿ÝÜÂ skeNq	|  N{z°gI\rx{HsazyqtxIz°wskvyx{­g3qsaÃ ®wv°skvyx{ZzyÑfax>p{gwg$uwv°ÉÊv°W²>vy{Hskg{
%x{q\f	xIHskx{q!w{q\gsÐkskv~zygdz& gÓrv~qsgggsÐz" wvyvÏsrggstsgwx{²{gzyzyg-fax>pIgwwgI{w{q@zyg{q
x('Ãzyrv~qt`gqtvyx{´wgNqÐwx{w NgNqÐgNqts-{qqkgÈ`gsvÏsg*)Wwx{»qÐfax{HskxIq |HzygfagHsÐz~x{W²{gNk|Iggd w
{z°|Ix{vÏscwfagavÏs>skv°«gß´Ig´`gfagsksHswg${zywz°gNÒgstsg´fax>p{gwgÃgªw>svy}HwgI©³+ v°HskvÏsv°xI





z" gÓrvyqtskgNg$gsÒz" wvyvÏs;rg$zy©fax>pIgwwgÃuvÏÉÊv°W²>v~HskgI/}Hwv'q ½²{eg-,skg´zyg´f-,fag$}Hwg$»xIwÒzygNq
xs>sv°xIqÌä»qÌwgksvy.wx{fuwg\rgÐIqÌqkv°fawzygNq4fÃ{vyq4vyqtsk8svÏ«¿qN½wx{»qÌrx{wx{q|I{z°gNfagHsÌzy
«¬xIkfag{z°pHskv~}Hwgkv~qtgY-z~Òfax>p{gNwwgYuwvÏÉÊvyH²>{kv~HskgI{gN${tsvywz°vyg-`x{w-z°g3q'skqt«¬x{fÃ>skvyx{»q
vy|{v~rgNq%ädxIwz°g3q$s{qt«¬x{faskvyx{q$z°vy 3vykg3q$|  N{z°g3qx{qfax{Hskx{»q;}Hwg1rgfa{wvyeg
qkvyf	vyz~vykgwÓfax>p{gNwwgNqzyx{|{ÉPgNzyvywv°gNwwgNqN{}HwgwxIq\½²Ix{qwx{`xIqg3qq\wgNq!s½²>wÓÒ3gNIsq
z~afax>p{gNwwguwv°ÉPvyW²>vy{Isg.gNqtswwg|  N{z°v~q>skvyx{%wÓ$sk»q«¬xIkfÃ>sv°xIqdzyv° 3vykg3qvyH²IgqtvyuwzygNqrg
z~´fax>pIgwwgÒ| xIf skv~}Ig$á¿q{zy{v°g3â»wvyq}HwgÒzyg skgNkfavyHswgz~´fax>p{gNwwguvÏÉÊv°W²>v~Hskgg3qs
gÓw{8sgfagHs |Hzyg.az~	fax>p{gwgY| xIf skvy}Hwgrg3q sgfav°{Hsqrg3qrx{w gNqN
\w®Ìdwx{»qarskvyz°v~qkx{qÃg©wx{w²IgN{­spW»g¯wgfax>pIgwwg©®Îwg% ®wvy´wg%zyIqkqkg%wx{²{gzyzyg
wgskqt«¬x{fÃ>sv°xIqrg`x{zypIßagNqN»»gNz NgåÅwÆÚ Ø{¼çZ¹`ÂÇÒ¶¸¹º>¼>¾8¶¿¼¹À¥Â8Ç-/	ÔH¼>ÜÄ wÂQ}Iv/`gfagsYrg
«¬»qtvyx{wgrg3qx{fa»xHqk{HskgNqz°xr{z°g3qv°|Ivyrg3qx{¯ßÃwgNq ¼¾µ¶¸ÀP¾k¼¶¸¾kÂÁÃÂ¹ÀÚ°Æ¶¸¹À¥¼>¶¸¹`ÂÇ	ÕIÂ	Ú0 ¶¿Õ{Â¹ÀP¶¸À1
x{HskvygfagHs2z~«¬qkv°xI;zyx{|{ÉPgNzyvywv°gNwwg.»xIz°pH>ßÃwgIw}Igx{q½²Ix{q'NgNfaf	gNHsdkxI»xHq Ng{




  N¡   £    
	 3  ¢  
    ¡   ! 
w ³v°gx{q ............ 
w  ¯gN»q%zy|{gNuwv~i¥W²>vy{gÒ........ 
w  h-v°ÉPvyW²>vy{Is wNcgs ©gN{qd²Wvy	i¥W²>vy{Hs2¯gskv~qdvy%³v°gx{w»q6..3
w  uqkggx«h-v°ÉPvyW²>vy{Is2©gskvyNq-«¬x{vy|{v~%bqt«¬x{fÃ>sv°xIq¯...N




  hd{¨{gkÉ0-fawu`gzyzÏÉ,+{qkwx{.- x{fÒwz~$........3
/10    32 ¢r¡(¿¢    3  ¢  
 4  5 ¡  6! 	87
» 9gNx{fagskv~.äg®wv°skvyx{%x«skcg ©gN{....... {
»  nWsuv°zyvÏsp;x«/skcwg 'z~{qqtv~{zQiÊskg>sv°²Ignrcwgfag...... :
»  'xIW²{g|{gNgIË!nr»g3v~z -{qkga......... 
»  'xIW²{g|{gNgIË;gNwgz-Iqtg ........ I
<0    32 ¢r¡(¿¢    3  ¢  
 >= ?4 *@ ¢w   	 
w h-v°ÉPvyW²>vy{Is2©g3x«@b§-xaxIv°Hsq ........ A
w  nwzyvyw|Iq{;b/qkzyskvyx{q-vyBNä ........ A
w  bdcg+gv~qkgWu»gNk|
x{w ..........CI
w  jY©ÃnWwu|{x{w;x«@bvy{w|{zy{ >skv~gNq .......CD




  b/g»qtxIq ............H
G  A     32 ¢w¡HE¢   I  4 
 ¢)J   E'¡½¢     ¡ ­¢r     /!7
r !xIz°pH>ßÃwgb»q«¬xIkfÃ>sv°xIq-.........H
r  %x>²{gNzÌbÐpW`gx{«!xIz°pH>ßÃwg.bqt«¬x{fÃ>sv°xIq©......K
L @   £(4   ¢  M  ¡½  £  2   /3

 ¶¸·¥¶¸¹º>¼>¾8¶¿¼¹ÀÂ¼>¹wÇ¶¸¹©Û!¶¿Â-¾Æ>Ü3Å»Ç 
  ! ";,Ð/ 
i¥gNgNHsdpIgN{qN{scwgwgNgN$«¬x{v°|Ix{x{qÐ«¬{fag§-x{¨WqÐskxÃx{fawrsg.qtsskv~qsvyNqdv°wxIrÉPzyvywgN{dqkIgNq
c»{q|Ikx>§­x{qkv~rguwzypvyªscwg;uv°x{ÉPfagNwvyNzÐvyfÃ|Iv°w|Ñx{fafwwv°sp{ vyqtsN\¯HfÒu`g	v°fÃ|Iv°|
faxrw{z°v°skvygNqN4z°vy¨{g	rv-`qkvyx{ ¯iÒá¿x{. ¯itâ {ÌW 
	Ê4wx>²Hv~rgkg3qtg3cwgq§v°skc1w>s´§cwv~cÑrx
xszyv°²Igv°Ñaz°vywgN{Yqk{g{{%wxIwgscwgzygNqqgN}Hwvykg.`xIqtstÉÊwxWgNqqtvyw|¯á¿kgÉÊqfawzyv°|wg|Iwzy{kvyÈNÉ
































































¼¾µ¶¸ÀP¾k¼¾8¶¸Ú ØÖ¼>¾	¼Ð¼>ØYÖ¾kÆ>Á À Â¶¿ÕIÂ¹»ÀE¶¸ÀPØ>
 
01  ";#%
	  N¢w     i¥Òscwgqtg3}Hwgzrx{«skcvyq@{tsvyz°gI>§'gd§vyz°zrqkgdYWwfu»gN!x«»xsskvyx{qN>§cwv~c	{kg-zyvyqtskg3
u`gzyx>§!ÞÑgu`g|Iv°%§v°skc%wx{s>sv°xIq-«¬x{»qt{z4fÃ>skv°Ó$|{x{w»q-{qtwufa{wv°«¬x{z~wqË








 SL(n) v~q'skcwg	ÇPÅwÂÄ¶¿¼>ÚÌÚÏ¶¸¹`Â¼>¾Ô{¾kÆ>Ü3ÅQrvE g{!scwgqkwuw|IkxIw´x{«/fÃ>skv~g3qÐx{« GL(n) §cwxHqtg.rgskgkÉfav°{Hsvyqdg3}I»zQskx I














 SE(n) v~q.scwgÃ|{x{wÑx«ÇPÅwÂÄ¶¿¼>Ú -ÜÄÚ ¶¿ÕIÂ¼¹©sk»q«¬xIkfÃ>sv°xIqN4vE g{ascwgÃ|{x{wx«-kvy|{v~rvyqtÉwz~{gNfagHsqN
 M(n) v~q-skcwgqk{g.x«!kg3z n × n q}HgfaskvygNqN
 Sym+? (n)
vyq-scwgqt»{g.x{«!qkpWf	fagskvy`xIqkvÏsv°²IgÉ¥rg®vÏsggN{z
n × n fÃskvygNqN

 ¶¸·¥¶¸¹º>¼>¾8¶¿¼¹ÀÂ¼>¹wÇ¶¸¹©Û!¶¿Â-¾Æ>Ü3Å»Ç 
 Sym(n) vyq-scwg²{g38skxIqtIg.x«!gNz n × n qtpWfafagskv~faskvygNqN
gNwgz\áEuqtsk{sâ-³Ìvyg|{x{w;wxs>sv°xIqË
 §cwg G v~qÃ³Ìvyg|{x{ÌrvÏsqwgNrskzgzygfagHs§vyz°z/u»g§v°stskgN e »%	spWwv~zgzygfagHsx{«
G §vyz°zu»g m \bdcwg³Ìvygzy|{gNuwx« G §vyz°zu»g§vÏskskgN g 
 skcwgYs{w|{gNHsdqk{gx{« G >sd»xIv°Hs m §vyzyz»u`g.kg«¬gkg3	skxa{q TmG r§cwvyc{´u»gvyIswv°skvy²{gzypskcwxIw|{cHsx{«{q-scwgzyv°wg3qk{g  u`gNqtswkx½Órvyfaskvyw|  G {kxIw m 
 §'grgwx{skg Lm á¬gNqkÌ Rm â-scwgzyg«¸skÉá¬gNqkÌdv°|IcIskÉ¥âfÒwz°skvywzyvyN>sv°xIuWp©gzygfagNIs m ∈ G wwkskcgf	xIkgIr§'g.§vyz°zz°gs
Inv : G → G u`g.skcgv°W²{gNqkvyx{$xI»gNskxIN
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 ²{g38skxIqt»{g3q
 ÁÜrÚÏÀE¶ ÅQÚ ¶¿Ä¼>ÀP¶¸º½Â	ÁÃ¼>ÀP¾8¶ÏãÔ{¾kÆÜ3Å»Ç8Ë GL(n)  O(n)  SO(n) wgs
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skcwg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(TeG, +, . , [ , ])



































 G Nau`g   gkg3qtgNIsgN!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Ad(e) = Idvyv¸â ∀m ∈ G, Ad(m−1) = Ad(m)−1v°vyv¸â ∀m, n ∈ G, Ad(m.n) = Ad(m).Ad(n)vy²wâ
Ad : G → GL(g) vyqqkfaxHx{skcÌ
bdcwv~q{fax{wHsqskx%qk½pWvyw|Ãsc>s
Ad
vyq.©Ç8ÁÃÆNÆÀÔ{¾kÆ>Ü3Å  Æ>ÁÃÆ>ÁÃÆ>¾PÅ W¶~Ç8Á á¬xI³v°g|{x{wcwxÉ
fax{fax{wcwv~qtf´â
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4 68<52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<5?39W<5,45J?AX
Ad(m).v = Y m.v.m−1 Z = D
m−1Lm.DeRm−1 .v = DmRm−1 .DeLm.v
*U9
DE?F?F([.<ODI6F< \W< 6]9^(EP68C,+=1:#(1>2_0/>`4 6F<5245<5.DI68<5( BV   68C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Ad(R).M = R.M.R−1
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 Âa¼>¾8¶¸ÀWÁÃÂÀP¶¿ÄaÁÃÂ¼¹Ñ¶~Ç¹`Æ>À4ÖÜrÚ¸Ú Ø©¼{ÕI¼ÅQÀÊÂÕÀ¥Æ´ÀW¶~ÇÒÁ	ÜrÚ ÀP¶ Å`Ú ¶¿Ä¼ÀE¶¸º>Â	Ç8ÀE¾8ÜÄÀPÜr¾kÂ d¹ÀwÂÃÄÆ>¹»·
ÀP¾k¼¾8Ø"\À ÂYÔHÂÆ>ÁÃÂÀP¾8¶¿ÄÁÃÂ¼>¹c" @¾8¶¸ÀEÀ¥Â¹	wÂ¾kÂ
E((xi), (wi))
"\¶~Ç\ÖÜrÚ¸Ú Ø;¼IÕ{¼Å`À¥ÂÕ 3 8À-¶~ÇÔ¶¸º>Â¹1µØ
E((xi), (wi)) = exp(Σiwi log(xi)).
áE{â
 Â¾kÂÄ¼>Ú¸Ú/À ÂÒÄÚ°¼½ÇÇ8¶¿Ä¼>Ú@ÄÆ>¹º>Âã{¶¸ÀPØÃ¶¸¹`ÂÝÜ¼>Ú ¶¸ÀPØ$µÂÀ ÐÂÂ¹ÑÀ ÂÀ ÐÆÃÁÃÂ¼>¹wÇ	
exp(Σiwi log(xi)) < Σiwixi,
á Iâ
 Â¹QÂº>Â¾À ÂÕI¼>À¥¼´¶~Ç¹`ÆÀÐ¾kÂÕÜÄÂÕ´ÀÊÆ;¼aÇ8¶¸¹HÔ{Ú°ÂÅwÆ¶¸¹À 
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x« G » Wp ²{gNskxIq v  w x« TmG  §'g c»½²{g{Ë








x{« G §-g	c½²{g (m.n)−1 = n−1.m−1 	bdcwv~q.vyf	z°vygNq«¬xIgÓwfawzygÒsc>s.scwgÃz°g«¸stÉfwz°skvywz°v~skvyx{ª{Ñu`g´xIurs{v°wg3ÑqkfaxWxskcz°p«¬kxIf x{g	vy|{cHstÉÊfÒwz°skvywzyvyN>sv°xI{Ñs§'x%vyH²Igqtvyx{»q
vyskcwg.«¬xIz°zyx>§vyw|§d½pQË
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ÆÖ G ¼>¹`Õ¼>¹»Øº½ÂÄÀÊÆ¾Ç v ¼¹`Õ w ÆÖ TmG "ÐÂ.ÕIÂ¿ÙÐ¹`ÂÀ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 v, w m
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Dh.mInv ◦ DmLh = Dm−1Rh−1 ◦ DmInv.bdcvyq{z°zyx>§q'skx´qkcwx>§mrvygN8sz°p´skcsNË
















m−1 = exp(− log(m)) /§cwgNkg exp { log g	skcwgÃ|IkxIwÑgÓr»xIwgHskv~z'zyx{|I{kv°skcfkg3qtgNIsgN;v°©rgs{v°z4vyskcwgqkgN}HwgNz4x«skcwv~qkskv~zyg{
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xskvyx{%x{«!fag3%vyqkskv~zy{kzyp´§-gzyzÏÉ¥{w{rskg3´sx$³Ìvyg|IkxIwq  	P +x>§'gN²{g3wxIHskpaskx´zyg«¸skÉ'x{
vy|{cHstÉv°W²>vy{HsÐfagskv~qNI§cwv~c;{z°§d½prq@gÓrv~qs ÒWuwv°ÉÊv°W²>vy{HsÐfagskv~q\fÃ½p	«¿vyz»skx	gÓrvyqtsNW»Ã§'g
§vyzyzÌwx>§æqkggw»rg§cwv~c©xIrv°skvyx{qduwv°ÉÊv°W²>vy{Hs-fagskv~qdgÓrvyqtsd«¬x{a|{vy²{gN;³v°g|IkxIwÌ
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vÏ«$uvÏÉ
vyW²>vy{Is-fagskv~
< ., . >
gÓrv~qsq\«¬xI'scwg.³ÌvygY|IkxIw G WskcwgN ∀m ∈ G  Ad(m) v~qd;vyqkx{fagskpax{« g{	skcWq!u`gzyxHxI¨{g3w`x{Ã{q!{gNz°gNf	gNHs\x«scwgdx{kskcwxI|{xIzH|{x{w
O(n)
§cwgNkg
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Ad(G) ¶~Ç¾kÂÚ°¼>ÀP¶¸º>ÂÚ ØÄÆÁÅ¼{ÄÀ 
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fagskvy{\bdcwvyqdv~qrxIwgv°  3 	¸h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< ., . >1
»
< ., . >2
u»gkg3qt`gNskvy²{gNz°pÃuwv°ÉPvyW²½{kv~Hsfagskv~x{« G1  G2 bdcwgN
< PG1(.), PG1(.) >1 + < PG2(.), PG2(.) >2
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Ad(R, t).(dR, dt) = (R dR RT , −R dR RT t + R dt).
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n × n v°W²Igkskvyuwz°g	fÃ>skv~g3q GL(n) bdcgp¯gscwga|{gNwgzyv°È3>sv°xI%skx%fÃ>skv~gNqYx«scwg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zyx{|HvÏscwf §cwxIqkgáExIf	z°gÓwâÐgvy|{gNW²½{z°gNq'c½²{g$vyfÃ|Iv°{kp	{tsdv°
]− π, π[   








































































v~qÐx{wgÉP{{fagskgN\qtuw|{x{wax{« G Ëskcg{wwvÏsv°²Igqtuw|{x{w (t.V )t x{« gv~qfÃ»g3;vyHskx´afwzÏsv°z°v~skvy²{gqkwuw|{x{;x{« G uHp$skcwgÒgÓr»xIwgHsvy{zE 'xIW²{gqkgzyp{W§'gc»½²{gskcwgvyHskgNkg3qsv°w|gNqkwzÏs.sc>sÒ{z°z\x{HskvyWwx{qxIwgÉÊfagskg.qkwuw|{x{qx« G gax«Ðscwv~q«¬x{fá  3	PnrgN8sv°xI \bdcwgxIkgNf w {\{|{g©{ Iâ8 r¶~ÇÒÅQ¾kÆ>º3¶¿Õ{ÂÇ¼Ç8¶¸ÁÅQÚ°Â	Ð¼Ø1ÆtÖ%ÄÆÁÅQÜrÀE¶¸¹WÔ1À Â$Ô{¾kÆ>Ü3Å
ÂãÅwÆ¹`Â¹ÀP¶¿¼>ÚÌ¶¸¹Ç8¶¸ÀEÜ¼ÀE¶¿Æ¹wÇ wÂ¾kÂaÆ>¹`Â·yÅ¼>¾k¼ÁaÂÀÊÂ¾.Ç8ÜµÊÔ¾kÆÜ3Å»Ç¼>¾kÂaÂ¼½Ç8ØÃÀ¥Æ$ÆIµÀ¥¼>¶¸¹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|(g,v)=(e,0) = (Id, Id)
∂Φ
∂v


































Òi¥Ñ«¿{sN4scwxIqkgÒs§-x;spH`gNqx{«   |{x{w¯|Igxrrg3qtv~ 4gscwgÃqk{fag{Ìqkv°g§-g
c»½²{gYskcwg.«¬xIz°zyx>§v°|	gNqkwz°sNË




"À Â¾kÂÂã{¶~Ç8ÀEÇÃ¼ÆÅÂ¹±¹`Â¶ÏÔ wµÆ>¾ ÆNÆ3Õ Vg ÆÖ 0 ¶¸¹ g Ç8ÜÄ 1Àw¼>À!ÖÆ>¾¼Ú¸Ú
g
¶¸¹ G ¼¹`ÕÖÆ¾Ã¼Ú¸Ú v "ÀwÂ¾kÂ´ÂãI¶~Ç8ÀY¼Ür¹¶¿ÝÜÂ w ¶¸¹ g Ç8ÜÄÑÀw¼À g. exp(t.v) = exp(t.w).g ÖÆ>¾¼Ú¸Ú
t ∈ R  Æ>¾kÂÅQ¾kÂÄ¶~ÇÂÚ Ø" w = Ad(g).v  Æ>¾kÂÆº½Â¾E"¶¸¹ÍÀW¶~Ç©ÆÅÂ¹6¹QÂ¶ÏÔ wµÆ¾wÆ3ÆNÕÎÆÖ 0 "ÀwÂ¾ÂÚ°¼ÀE¶¿Æ¹wÇW¶ Å












¶¸¹ G  wÂ¹ ÐÂ w¼º½Â 
g. exp(v).g−1 = exp(Ad(g).v).
 YÚ ÇÆL"IÖÆ>¾¼>Ú¸Ú
g
¶¸¹ G "ÀwÂ¾kÂYÂãI¶~Ç8À¿Ç¼ÒÆÅwÂ¹;¹QÂ¶ÏÔ wµÆ¾wÆ3ÆNÕ Vg ÆÖ e Ç8ÜÄ aÀw¼>ÀHÖÆ>¾Y¼Ú¸Ú m ¶¸¹ V  log(m)¼¹`Õ
log(g.m.g−1)
¼>¾kÂÐÂÚ¸ÚÏ·tÕ{ÂEÙ\¹`ÂÕ¼>¹QÕ$¼>¾ÂÚ ¶¸¹ {ÂÕ;µØ´ÀwÂÐÖÆ>Ú¸Ú°Æ@¶¸¹HÔ%¾ÂÚ°¼ÀE¶¿Æ¹wÇW¶ Å 
log(g.m.g−1) = Ad(g). log(m).
bdcwg3qtggN}H>sv°xIq\{kgqkv°fawzypscwg|IgwgN{z°vyÈNskvyx{Òskx$áEuqtsk{sâ!³Ìvyg|IkxIwq!x«Qscwg§-gzyzÏÉÊ¨Wwx>§
fÃskvÏÓ$kxI»gNtsv°g3qË
G. exp(V ).G−1 = exp(G.V.G−1)
{
G. log(V ).G−1 = log(G.V.G−1)






g. exp(t.v).g−1|t=0 = Ad(g).v































ẋ(0) = x.v ∈ TxG
x(t) = x. exp(t.w)
x(t) = x. exp(t.v)









vy V N´u`g\xIv°gNauWpÃwwv~}Hwg|IkxIwa|{gxrrg3qtv~q\x«4skcg«¬x{f x(t) = x. exp(t.v)q>svyqt«¬pWv°|
x. exp(v) = y




   ¬    !  ¡         E£{  ÐqqkgHskv~zyz°pI»§-gÒc»½²{g»qsqtcx>§%skcsYscwggÓr»xIwgHskv~z
{ªv°sqsk»qtz~>sgNª²Igqtvyx{q{­u»g%zyxWx{¨{g31w`x{ZIqqkx{fag%qtxItsx«   |{x{w±|{gxrrg3qtv~ vyZ³v°g
|IkxIwÌdWp%x{wz°gx{«@»xIv°HsqY{©u»gxIv°gN%uWpawvy}Hwg   |IkxIw|{gxrrg3qtv~ ykx>²Wv~rgN;skcgp%g
z°xHqtg.gNwx{w|IcÌ@bdcwv~qdz°g3{wq-sxaskcwg.«¬xIz°zyx>§v°|	rg®wv°skvyx{qNË




" r¶¿Ä w¼>ÇÀ ÂÅ`¾kÆÅwÂ¾8ÀEØÆÖ
 ÂÆ¾kÂÁ    ¶ ¸Â 
v
¶~ÇÇ8ÁÃ¼>Ú¸Ú@Â¹QÆ>Ü{Ô   ¶~ÇÒÄ¼>Ú¸Ú°ÂÕ%¼ ' ¡  6 '     ¿£  4Ür¾8ÀwÂ¾8ÁaÆ¾kÂU"-¼>¹1ÆÅÂ¹ÑÇÂÀ
O ÆÖ G ¶~ÇaÄ¼>Ú¸ÚyÂÕI' ¡  6  ¿ B'     E£{¢ 4&4 
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
h-g«¬x{grg®wvyw|%|{ggzuwvÏÉÊvyH²>{kv~HsYfag3qvyÑ³Ìvyga|{x{w»qQzygsqY«¬xrqx{1;zyIqs«¬ww{fagrÉ












 	Ê!ÞÑgc½²{gzykg3{rp	qkgN$v°  I 	Qskxx{fa{kgskcwg
sIg3qx{«\s§'xrv-`gNkgNIs|IgwgN{z°vyÈNskvyx{©x«Ðskcwga|{gNx{fagskv~fagN{¯sx%qkpWfaf	gskvyÒ»xHqtv°skvy²{gÉÊwg®wv°skg
fÃskvygNqN
E"   ¡      Â¾8¶¿Â8ÇdÖÆ>¾8Á ÆtÖÒÀwÂ    ÖÆ>¾8Á	ÜrÚ°¼   	 "  w¼ÅQÀÊÂ¾
   ÛÂÀ v, w µÂÃ¶¸¹ g  wÂ¹ÀwÂØ$¼>¾ÂÇ8ÁÃ¼>Ú¸ÚÂ¹`ÆÜ{Ô  " ÐÂ  ¼>º>ÂÀ ÂÐÖÆÚ¸Ú°Æ@¶¸¹WÔ©Õ{Âº½ÂÚ°ÆÅQÁaÂ¹À
log(exp(v). exp(w)) = v + w + 1/2([v, w])
+1/12([v, [v, w]] + [w, [w, v]])
+1/24([[v, [v, w]], w]) + O((‖v‖ + ‖w‖)5).
á¿Iâ
x{zyz°x>§vyw|  	P{z°gs!»q!§kv°skg
H : g×g → g scwgdfÃwwvyw|.rg®»wgNwgN{ 0 qkcsc>s H(v, w) =
log(exp(v). exp(w))
'6«¬w»wfagHszQwx{`gksp	x{«Ìskcvyq-«¬w»8skvyx{;vyq'scwg«¬x{zyz°x>§vyw|Ëv°s-v~q-wxsdx{wzyp
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m0 := x1  
!#"%$&%'()*+,%('-&.	0/132


































wi logm(xi) = 0 
vy|{wgÐrË      ¡(¿£ .¡    ¡½  



































Ù/ãWÂÕ%¹`Æ¹·¥¹QÂPÔH¼>ÀP¶¸º>Â ÐÂ¶ÏÔ rÀ¿Ç  wÂ¹ZÁÃ¼ÅIÅ`¶¸¹HÔ
Ψ : gN+1 → gÕIÂ¿ÙÐ¹`ÂÕªµØ
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 wÂ¹ ÐÂ  ¼>º>Â
ÀwÂ'ÖÆ>Ú¸ÚyÆ@¶¸¹HÔ©ÕIÂº>ÂÚ°ÆÅQÁaÂ¹À





























i=1 ‖ log(xi)‖ + ‖ log(m)‖)2)

'xIkxIz°z~p´	c{q-scwg«¬x{zyz°x>§vyw|ÃxIqtg3}Hwgg{Ë
@  ¡  4&4¿¢r¡ 






Ç8ÜÄ ©Àw¼À  Â¹QÂº>Â¾ ‖ log(xi)‖ ≤ α.R¼¹`Õ ‖ log(m)‖ ≤ R ÀwÂ¹ ÐÂ	¼>Ú ÇÆ w¼>º>Â ‖ log(Φ(m))‖ ≤ R 
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i ‖ log(xi)‖ ≤ α.R
{ ‖ log(m)‖ ≤
R
Wscwg ‖ log(Φ(m))‖ v~qz~qtxawxIrÉÊqkw`gv°xI-skx R bdcwgNÌQz°gsYqYrg®»wg















E"   ¡   G   ¾kÆ>Ü ÐÂ¾  Ç Ð¶ÏãWÂÕ Æ¶¸¹À wÂÆ¾kÂÁ    -Û/ÂÀ
Ψ : Bn → Bn µÂ.¼	ÄÆ¹ÀP¶¸¹ÜÆ>ÜWÇÁÃ¼ÅQ·ÅQ¶¸¹HÔ-"  Â¾kÂ
Bn
¶~ÇÀwÂ	¹»·tÕ>¶¸ÁÃÂ¹Ç¶¿Æ¹`¼Ú -ÜÄÚ ¶¿ÕIÂ¼¹­ÄÚ°Æ>ÇÂÕ%µ¼>Ú¸ÚO"-¶ ¸Â 
Bn = {x ∈ Rn : ∑i(xi)2 ≤
1}   Â¹ Ψ w¼½Ç¼ÀÐÚ°Â¼>ÇÀÆ>¹QÂÐÙãWÂÕÅwÆ¶¸¹À 
@  ¡  4&4¿¢r¡ 





















E"   ¡   L  -¶¿Ä¼>¾kÕ Ç \¶ÏãWÂÕ Æ¶¸¹À  ÂÆ¾kÂÁ 6Û/ÂÀ
(E, d)
µÂ¼ªÄÆ>ÁÅ`ÚyÂÀ¥Â©ÁÃÂÀP¾8¶¿Ä%ÇPÅ¼{ÄÂ¯¼¹`Õ
f : E → E µÂÑ¼ K− ÄÆ¹ÀP¾k¼{ÄÀE¶¿Æ¹"Ò¶ ¸Â ZÖÆ>¾¼>Ú¸Ú x, y ÆÖ E " d(f(x), f(y)) ≤ K.d(x, y) " @¶¸À
0 < K < 1
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qkc$sc>s ‖Dlog(m)Θ‖ ≤ β «¬x{zyz m \bdcwg§'gc»½²{gYskcwgzyIqkqkvyNzQu`x{wÌË
‖Θ(v) − Θ(w)‖ ≤ (sup
z∈E
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¶¸¹ W¶¿Ä ZÀ Â¾ÂÂãI¶~Ç8À¿Ç;¼Ür¹¶¿ÝÜÂ$ÇÆÚ ÜrÀP¶¿Æ>¹¦ÀÊÆÝ        ¯Æ¾kÂÆ>º>Â¾E"ÀwÂ´¶¸ÀÊÂ¾k¼ÀE¶¸º>ÂÃÇ8ÀP¾k¼>À¥ÂÊÔØ´Ô{¶¸º½Â¹Î¼IµÆ>º>Â¼Ú Ð¼>Ø½Ç$ÄÆ>¹»º½Â¾EÔHÂ8ÇÃÀ¥ÆÐ¼¾kÕ½ÇÃÀW¶~ÇaÇÆ>Ú ÜrÀP¶¿Æ>¹c"@Å`¾kÆºN¶¿ÕIÂÕ¯Àw¼ÀYÀwÂ
¶¸¹»¶¸ÀE¶¿¼Ú ¶%$3¼>ÀP¶¿Æ>¹%À¥ÆÀW¶~ÇY¼>Ú ÔIÆ¾8¶¸ÀrÁ¶~ÇdÀ¥¼ IÂ¹%ÄÚ°Æ½ÇÂ.Â¹`Æ>Ü{Ô aÀ¥ÆÒÀ ÂYÕI¼>À¥¼ dÛ¼>ÇÀ@µÜrÀ/¹QÆ>ÀÚyÂ¼>Ç8À#"À ÂÇPÅÂÂÕ
ÆtÖÄÆ>¹º>Â¾EÔIÂ¹`ÄÂÒ¶~ÇÒ¼>À-Ú°Â¼½Ç8À'ÚÏ¶¸¹`Â¼>¾ 



















 wÂ¹ÑÀwÂ¾kÂ	ÂkãI¶~Ç8À¿ÇÒ¼	Ô¾Æ>Ü3Å @¶~ÇÂ.ÔHÂÆ3Õ{ÂÇ8¶¿Ä¼>Ú¸Ú Ø©ÄÆ>¹º>ÂãÆÅwÂ¹¹QÂ¶ÏÔ W·






























ÀwÂÜr¹¶¿ÝÜÂÇÆÚ ÜrÀP¶¿Æ>¹   ¶¸¹
¼´¹`Â¶ÏÔ  µÆ>¾wÆ3Æ3ÕÆtÖÀwÂ	Õ{¼>À¥¼  ÆtÖÀ ÂÔ{¾kÆ>Ü3Å­µ¼>¾8Ø{ÄÂ¹»ÀE¾8¶¿ÄaÂÝÜ¼>ÀP¶¿Æ>¹      





































































   	 	A  	    	   	 
bdcggv~qazyxIqkgN$«¬x{f«¬x{skcwg.uwv°ÉPvyW²>vy{IsfagN{;x{«/s§-x	»xIv°HsqNË











@¶¸À©¾kÂ8ÇPÅÂÄÀ-ÀÊÆÃÀ ÂÄÆ>Ü3ÅQÚ°ÂaÆÖ ÐÂ¶ÏÔ rÀ¿Ç
(1 − α, α) ¶~ÇÔ{¶¸º½Â¹µØ










log(m−1.x) = log(exp(−α log(x−1.y)).x−1.x) = −α log(x−1.y).
zyqkxr§-g.c½²{gsc>s3Ë





α. log(m−1.y) = log(nα×(1−α))
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# 4      3¢r¡ 
  4 '  /¡>¢:E£*.¡    ¡½    ! 
ST (1)






 bdcwg{skvyx{x« ST (1) xIq{zy{q-v~qd|{vy²{gN;uWpQË (λ, t).x = λ.x + t «¬xIg²{gNkp´q{zy{ x 

{  Y¾Ç8¶ÏÔ{¹Ø´ÂÀ¼>Ú


















 bdcwggNz°gNfagHsq'x«4scwgY³v°gzy|{gu.x{« ST (1) gx«4scwg«¬xIkf (dλ, dt) r§cwgg dλ  dt gWp$q{zy{qN


























λ − 1 


























































































dλ −t.dλ + λ.dt
0 0
)









?,×)  (R, +){kgxIf	frsskvy²{g{ÍscWqc½²{g¯uvÏÉÊv°W²>v~Hs;fagskv~qNuwws%vyHskgNkg3qsv°w|Iz°pIskcgvy%qkgfav°ÉÊwv°gNs
kxrrsc{qdwx´qkcfagskv~

































































































































|IkxIw${$FNä Iwrv°skvy²{g|{x{wÌi¥;skcwv~qqtuqtg38sv°xIÌW§'g.qsrp´vyqtskg3{$ {ä |IkxIw$§cwgNkgYskcvyq
sv°fagÒ	{rvÏsv°²Ig.|{x{wq.á¿x{wgÒ{ä ;skcgxskcg Nä.â-g.f	v°ÓrgN4
E"  













vy|{wgwË# % ¢  4   ! '     E£{    " 5' ¡  6 K N£I¢ 4   ' Ã¢  6 ¡>¢   4¿¢r    I   
E  ©¡  %Ë4s§-xgÓr{fawz°g3q4x«rzyg«¸skÉQ{.kvy|{cHskÉ».|IkxIw.|{gNxWwgNqkvyNq 0      ×¡  %Ë4s§-xgÓwfawzygNq
x{«'|IgxrrgNqkv~qY§vÏscÑg3{c¯sv°fagascwkgNg`xIqqkv°uwzygax{v°gNHs>sv°xIqN 0 4& `Ë|{x{wÑ|{gxrrg3qtv~qN ¡   Ë.z°g«¸stÉ
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  4 '  /¡>¢:E£*.¡    ¡½     bdcwgp;gYscwg.«¬x{zyzyx>§v°w|»Ë










 i¥W²{gqkv°xIÌË (x, y, z)−1 = (−x,−y,−z + x.y) +%grs{z4gzygfagHsNË (0, 0, 0) 
 q@vyskcwg ST (1) IqtgI½skcwg +gv~qtgNWu»gNk||{x{w	v~q!gHskvykgNz°pÒ|{x{wW§v~qtg'|{gxrrg3qtv~{z°zypxIfawz°gskg§-g.c½²{gIË
{
exp((dx, dy, dz)) = (dx, dy, dz + 12 .dx.dy)














(dx, dy, dz) =
(
x − xm, y − ym, z − zm +
1
2



















Ad(x, y, z).(dx, dy, dz) = (dx, dy,−y dx + x dy + dz).
 .Ç¼;ÄÆ>¹wÇÂÝÜÂ¹QÄÂU"\¹`Æ;µ¶¸·¥¶¸¹»º½¼¾8¶¿¼>¹QÄÂÁÃÂÀP¾8¶¿Ä	ÂkãI¶~Ç8À¿Ç@ÖÆ>¾ÒÀ Â Â¶~ÇÂ¹`µÂ¾PÔÔ{¾kÆ>Ü3Å
d¾kÆNÆtÖ ÐkxrgNgN;gÓw{skzyp${qdvy%\x{`xIqkvÏsv°xI%w









¹QÂÊÔI¼ÀE¶¸º>Â   ¹`Æ¾8Áa¼Ú ¶%$3ÂÕ  ÐÂ¶ÏÔ WÀEÇ    Â¹ªÀwÂ;¼½ÇÇÆNÄ¶¿¼>À¥ÂÕ¯µ¶¸·¥¶¸¹º>¼>¾8¶¿¼>¹»ÀÁÃÂ¼>¹ (x̄, ȳ, z̄) ¶~ÇÔ{¶¸º½Â¹±ÂkãI·ÅQÚ ¶¿Ä¶¸ÀEÚ ØµØ





























zm − zi +
1
2






       +
     		+
    	A  
Þga|{ggzyv°ÈNg.skcwg	kg3qtzÏsqxIurs{v°wg3©x{¯skcwg +gNvyqkgWu`g|$|{x{%skx´scwg«¬x{zyz°x>§vyw|$qkwuw|IkxIw
x{«skv~w|Iwz~dfÃ>skv~gNqNË
   ¬   M  ÛÂÀ
UT (n)
µÂÀwÂÔ{¾kÆ>Ü3Å­ÆÖ
n × n Ü3ÅIÅwÂ¾ÀE¾8¶¿¼¹HÔ{ÜrÚ°¼>¾ÁÃ¼>ÀP¾8¶¿ÄÂ8Ç M ÆÖÀ ÂÐÖÆ¾8Á 





















































M ′.M = (λ′.Id + N ′).(λ.Id + N) = (λ′.λ).Id + (λ′.N + λ.N ′ + N ′.N).
Yqtvyw|askcgNqkg.z°xHqtg3´«¬xIkfÃqNrx{wgN%rgv°²Igskcwg.«¬xIz°zyx>§v°|g3}I»>skvyx{Ë
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(SO(n),×) á¬xs>sv°xIqâÐ (Rn, +)á¬skqkz~>skvyx{»qâ'rg®»wgNcIq-«¬x{zyz°x>§qNË






(R, t).x = R.x + t

 ©wz°skvywzyvyN>skvyx{Ë (R′, t′).(R, t) = (R′.R, R′.t + t′) 
 %gNrskzÌgNz°gNfagHsNË (Id, 0) rv°W²{gNqkg{Ë (RT ,−RT .t) 


















n × n fÃskvÏÓ¯» dt Wp%²{gNskxIx« Rn .i¥¯scwvyqgwgNqkgHs>skvyx{skcwg³v°guI¨{gs
[., .]
v~qqkv°fawzyp$|Iv°²Ig$uWp$skcwgfÃ>skv°Ó;³v°g.uw{¨IgsNË



























x{«skcwgwv°»vyz-z°xI|I{kv°skcwf%Ë	«¬x{f nWwuqkgNskvyx{4w {!§'g;¨Wwx>§ skcsa{­vyH²Igkskvyuwzyg$fÃ>skv°Ó§v°skc
x%áExIf	z°gÓwâ-gNv°|IgW²>zywg.x{skcgzyxIqkgN;cz°«¸ÉPzyvywgx«wg|H>skvy²{g.gN{z4HfÒu`gqdc{qwvy}HwgfÃskvÏÓ
zyx{|HvÏscwfå§vÏsc;gNv°|IgW²>zywgNqÐc½²Wv°w|v°fÃ{|{vyp»ksq-v°
















.¡    ¿    K   ÂÚ°ÆÔH¼>¾8¶¸ÀWÁ ÆÖ¼´¾8¶ÏÔ¶¿Õ;ÀP¾k¼>¹Ç¬ÖÆ>¾8ÁÃ¼>ÀP¶¿Æ>¹
(R, t)
¶~Ç ÐÂÚ¸Ú ·tÕ{ÂEÙ\¹QÂÕ$¶ ÖÒ¼¹`Õ$Æ¹Ú Ø
¶ Ö.ÀwÂÒÚ°ÆÔI¼¾8¶¸ÀrÁ ÆÖ¶¸ÀEÇ¾kÆ>À¥¼>ÀP¶¿Æ>¹aÅ¼>¾8À
R





































π − C favyWqÃqkfa{z°zÌx{qts{Hs  {	P'ÞÑgc»½²{ggÓw{skzypÃskcwgqfag.gNqkwzÏsvyskcwgN{qkgx{«/v°|Ivy$sk»q«¬xIkfÃ>sv°xIqNË




































































































¼aÇ IÂ ÎÇ8Ø>ÁÁÃÂÀE¾8¶¿ÄÒÁa¼ÀE¾8¶¿ÄÂÇE"\Ç8ÜÄÀw¼À'ÀwÂÒ¹`Æ¾8Á ÆtÖ.À Â¶¸¾Úy¼>¾EÔHÂ8Ç8À






























































































































a > K > 0
bdcwvyqYcIqdskcwgv°HsggNqtskvyw|$xIqkgN}Hwg»gsc>srgYskcg{qqkwfarskvyx{%sc>s«¬xI
{z°z








































(S̃ + Ã).x = 0
Wskcwv~qvyf	z°vygNq
xT .S̃.x + xT .Ã.x = 0
Ðbdcwg
xskv~gskcs
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[−π, π[ âd{$z~{qtsds§'x	sxaskcwg.s{qtz~>sv°xIÌÞgaxIfawrskgdgÓrI8sz°p.scwgduwvÏÉÊvyH²>{kv~Hs!f	g3x«scwgNqkgdkvy|{v~s{qt«¬x{faskvyx{q/§v°skc%áEHâ ){
zyg«¸skÉPvyW²>vy{Is wNcwgs/fagN{N{zyqkxu`gx{fawwskgNÒgÓrwzyvyvÏsgzypv°Òskcwv~q!IqtgÐskc{w¨rqsxscwgdqtvyfawz°g














, 0) ' (0, 0.2171, 0) 
 kvy|{cHskÉPvyW²½{kv~Hs wNcwgsf	g3ÌË (0,
√
2









     	   	
c     	  








































































| rgs (E(Ti))|−1.| rgs (Si)| w§-g.|{gsscwg|{gNx{fagskv~{zQv°HskgNk`x{z~>sv°xI$x{«!rgskgNkfavyHsqNË














|Ix{vÏscwfÃqzyv°¨Ig´scwg   nrNzyv°w|Znr}Hv°| f	gskcwxr­«¬x{skcwgfÃ>skv°Ó1gÓr»xIwgHskv~z  
	­skcwg














«¬x{f   äv-Qqtvyx{;bgNqtxIqÐi¥fÃ|{vyw| °H§cwv~c´vyq-ÃvyfÃ|Iv°w|Òf	xrw{z°v°spa§cwxIqkgvyfa»xItsgcIqÐu`ggN
qtskg3{rvyzyp´|{x>§v°|Òvy;scwguwvyx{fagNwvyNz4vyfa{|{vyw|ÃxIf	frskv°sp´vy%{qtsp{gN{q   	Ê
 HfÒu`gÒx{«skg3fÃq$á¿v°z°»rv°|x{qâwx{`xIqkgNªzyfaxIqtsÒqtvyfÒzÏswxIqtzypv°Z{{{;sxgNrx>§
scwv~qqk{g§vÏscZ¼çZ¹`Â·¥¶¸¹º>¼>¾8¶¿¼¹ÀÁÃÂÀP¾8¶¿ÄÇYbdcwgNqkgfagskv~qwkx>²Wv~rgÒ´wvyqts{gu`gs§-ggN%skgNqtxIq


































3r   	P
          	        	 
bdcg$v~rgNvyqÒskxwg®wg;sk»q«¬xIkfÃ>sv°xIq.sc>s	gÓrcwvyuwvÏsÃ©zyxrzyzypvy|{v~1x{ßÃwg$u`gc½²Wvyx{3/§v°skc























i=1 wi(x) = 1
rvP gI!skcwg§-gvy|{cHsqd{kg.wxIkfÃzyvyÈgNÌ
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bdcwv~qv~qdscwggN{qkx{§cWp$§-gwx{`xIqkgNawx>²{gNz4«¬fag§-x{¨Ãv°  Nw6  	P`zyzygN¯ÛÆÔ{· -ÜÄÚÏ¶¿Õ{Â¼>¹
ÅÆ>ÚÏØ{¼çZ¹`Â§cwv~cÒx>²{gNx{fagNq`scwgNqkgdrg«¬g38sqNÞÑg-z~qtxqtcwx>§-gNsc>sskcvyq/wx>²{gNz{spW`gÐx{«|{gNx{fagskv~{z
wg«¬x{fÃ>sv°xIq.1u`g´xIf	rskg3Ñ²Igp¯gß´v°gNIsz°pZá¿{q§'gNz°z\IqskcwgNv°vyW²{gNqkgNqâxI1kgN|{wz~.|{v~wq
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ÚyÂ¿ÖÀP·¥¶¸¹º>¼>¾8¶¿¼¹`ÄÂ .¼¹ØaÚ°ÂEÖÀE·¥Á	ÜrÚ ÀP¶ Å`Ú ¶¿Ä¼>ÀP¶¿Æ>¹   µØ´¼>¹¼çZ¹`ÂÀP¾k¼¹wÇ¬ÖÆ>¾8ÁÃ¼>ÀP¶¿Æ>¹  ÆtÖYÀwÂ Ti ¾kÂÇÜrÚÏÀ¿Ç¶¸¹¼´Ú°Â¿ÖÀP·¥Á	ÜrÚ ÀE¶ ÅQÚ ¶¿Ä¼>ÀP¶¿Æ>¹ªÆÖ
Φ
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 	§-gvy|{cHsd«¬w8sv°xI x 7→ wi(x) u`gNxIfagNq y 7→ wi(A−1.y) 
 {ßagYs{qt«¬x{faskvyx{ Ti u`gNx{fagNq A.Ti.A−1 

























































Φ(x) = T̄ .x
s-scwv~q»xIv°Hs3
 K'  # £54    ¢  2  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y = T̄ .x
vyªáED{â8@bdcwv~qpWv°gNzyqË
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